correlations is one cbit for all spin singlet states. We give a classical protocol to exactly simulate quantum correlations implied by a spin s singlet state for all spin values.The main charecteristic of the protocol is that Alice and Bob carry out measurements on 2 × 2 subspace of the(2s + 1) × (2s + 1) Hilbert space.The required amount of communication is found to be one cbit which is independent of spin value,or the dimension of the corresponding Hilbert space and is obviously minimal.We find that the difficulty of simulation of entanglement increases with dimension of measurement operator,rather than the dimension of the Hilbert space.
It is well known that quantum correlations implied by an entangled quantum state of a bipartite quantum system cannot be produced classically, i.e.using only the local and realistic properties of the subsystems, without any communication between the two subsystems [1] .By quantum correlations we mean the statistical correlations between the outputs of measurements independently carried out on each of the two entangled parts.Naturally the question arises as to the minimum amount of classical communication (number of cbits) necessary to simulate the quantum correlations of an entangled bipartite system.This amount of communication quantifies the nonlocality of the entangled bipartite quantum system.It also helps us gauge [2] the amount of information hidden in the entangled quantum system itself,in some sense, the amount of information that must be space-like transmitted, in a local hidden variable model,in order for nature to account for the excess quantum correlations. In this scenario, Alice and Bob try and output α and β respectively,through a classical protocol,with the same probability distribution as if they shared the bipartite entangled system and each measured his or her part of the system according to a given random Von Neumann measurement.As we have mentioned above, such a protocol must involve communication between Alice and Bob, who generally share finite or infinite number of random variables. The amount of communication is quantified [3] either as the average number of cbits C(P ) over the directions along which the spin components are measured (average or expected communication) and worst case communication, which is the maximum amount of communication C w (P ) exchanged between Alice and Bob in any particular execution of the protocol. The third method is asymptotic communication i.e. the limit lim n→∞ C(P n ) where P n is the probability distribution obtained when n runs of the protocal carried out in parallel i.e. when the parties recieve n inputs and produce n outputs in one go. Note that,naively,Alice can just tell Bob the direction of her measurement to get an exact classical simulation, but this corresponds to an infinite amount of communication. the question whether a simulation can be done with finite amount of communication was raised independently by Maudlin [4] ,Brassard,Cleve and Tapp [5] ,and Steiner [6] .Brassard,Cleve and Tapp used the worst case communication cost while Steiner used the average. Steiner's model is weaker as the amount af communication in the worst case can be unbounded although such cases occur with zero probability.Brassard ,Cleve and Tapp give a protocol to simulate entanglement in a singlet state EPR pair using eight cbits of communication.Toner and Bacon [7] give a protocol to simulate two qubit singlet state entanglement using only one cbit of communication.Interestingly, quantum correlations that cannot be classically simulated without communication also occur in a scenario where incompatible observables are successively measured on class of input (single particle) spin-s states which can be simulated with a classical protocol with communication between successive measurements [8] .
Untill now,an exact classical simulation of quantum correlations is accomplished only for spin 1/2 singlet state,requiring 1 cbit of classical communication [7] .It is important to know how does this communication cost depend on s,or any other operator,in order to quantify the advantage offered by quantum communication over the classical one.Further,this communication cost quantifies,in terms of classical resourses,the variation of the nonlocal character of quantum orrelations with spin value.An advance in this direction was made in [9, 10] , where an exact classical protocol to classically simulate spin s singlet state correlations for infinite sequance of spins satisfying 2s + 1 = 2 n and 2s + 1 = 3 n (n positive integer) was given.These protocols,however,are not optimal. In this paper we give an exact classical protocol to simulate entanglement in a singlet spin-s state of a bipartite spin s system for all spin s values.This protocol requires one cbit of communication in an exact protocol. The quantum correlations αβ for a singlet state are given by
whereâ andb are the unit vectors specifying the directions along which the spin components are measured by Alice and Bob respectively [11] .Note that, by virtue of being a singlet state, α = 0 = β irrespective of directionsâ andb.The protocol proceeds as follows: Alice and Bob share three random variables λ 1 , λ 2 andλ 3 which are real three dimensional unit vectors.They are chosen independently and distributed uniformly over the unit sphere. Alice outputs
where
so that α can take 2s + 1 values,between s and −s(we take = 1). Alice sends a single cbit c ∈ {−1, +1} to Bob where c = sgn(â.λ 1 )sgn(â.λ 2 ). We have used the sgn function defined by sgn(x) = +1 if x ≥ 0 and sgn(x) = −1 if x < 0. After receiving c from Alice, Bob outputs
. . .
m > 0 and n > 0 −(m + n) ≤ z ≤ (m + n) We now prove the protocol by showing that it produces correct expectation values for an appropriate choice of the ratio n m .The expectation value is defined by:
Alice's output changes sign under the symmetryλ 1 ↔ −λ 1 so α = 0 asλ 1 is uniformly distributed.By using equation (4)and Appendix,we can prove that β = 0
The first term is zero as seen from equations (18), (19), (20)and second term vanishes because dλ 1 sgn(â.λ 1 ) = 0.Therefore, β = 0. The joint expectation value αβ can be calculated as follows. We have
The first term is zero because dλ 1 Θ 1 (â.λ 1 ) = 0 ,and by using Appendix,we know
We know dλ 2 sgn(â.λ 2 )(b.λ 2 ) = 1 2 (4π)â.b [7] ,and we show in Appendix
half-integer spin
For obtaining quantum correlation (equation (1)),we choose:
half-integer spin The main charecterizing feature of this protocol,simulating the spin s singlet entanglement,is that it involves only 2 − d measurement each by Alice and Bob, because only two parameters are required to specify each of the shared random variables{λ}.The resulting communication cost is only one cbit which can be compared to the lower bound on the corresponding communication cost,c2 n cbits,for the 2 n dimensional Hilbert space for Alice and for Bob,when the measurements are made on the whole 2 n dimensional basis [5] .Thus the difficulty of simulation of entanglement increases with dimension of measurement operator,rather than the dimension of the Hilbert space.
Our protocol shows that one cbit of communication is all that is necessary to simulate quantum correlations produced by any spin-s singlet state.The amount of communication required is independent of the spin of the particles making the singlet state.It seems that quantum correlations are solely determined by the state of the whole system and the attributes of individual parts play no role. We thank André Méthot for an illuminating correspondence. Appendix First, we evaluate equation (11) .We takeâ to point along the positive z axis,and introduce x =â.λ 1 so ,in (14)we obtain
Next,we prove equation (9) .We takeb to point along the positive z axis,and introduce x 2 =b.λ 2 and x 3 =b. 
We introduce −(m + n) ≤ z = mx 3 + nx 2 ≤ m + n = 1 2m 
The adition of all but the first and the last terms in the braket is zero,so 
